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Abstract

This paper develops mathematically tractable evolutionary models that can be used to analyze the
development of industrial structure as a dynamic process moved by complex interactions among
innovations, imitations and investments of satisficing firms striving for survival and growth. It
demonstrates that what the industry will approach in the long-run is not a neoclassical equilibrium
of uniform technology but at best a statistical equilibrium of technological disequilibria which
maintains a relative dispersion of efficiencies in a statistically balanced form. This paper also shows
that these evolutionary models can simulate all the macroscopic characteristics of neoclassical
growth models without assuming the full rationality of business behavior. © 2000 Elsevier Science
B.V. All rights reserved.
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1. Introduction

“Capitalist economy is not and cannot be stationary,” said Joseph Schumpeter more
than half a century ago (1950, p. 31). “Stationary socialism is still socialism but stationary
capitalism is impossible, is, in fact, a contradiction in terms” (1946, p. 198).

q This paper was originally circulated under the title of “Towards a disequilibrium theory of long-run profits”.
An earlier version of this paper was presented at ISER XI Workshop at the Certosa di Pontignano, Siena, on 1 July
1998. I am grateful to the participants of the Workshop for their helpful comments and suggestions. I have also
benefited from useful suggestions of a referee and an editor of this journal. The remaining errors are, of course,
mine.
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Nevertheless, Schumpeter (1939, p. 49) claimed, traditional economic theory, be it classi-
cal or neoclassical, is primarily the theory of the stationary process — of the process which
“merely reproduces at constant rates and is in equilibrium at every point of time.” This
does not mean that the traditional theory cannot cope with fluctuations and growth. It can
describe business fluctuations as adaptive adjustments of equilibrium state in response to
external disturbances; it can explain economic growth as a steady movement of equilibrium
state in response to increase in population and accumulation of savings. In particular, the
accumulation of savings plays a large role in the traditional account of economic growth.
But, argued Schumpeter, it “owes its quantitative importance to another factor of change
without which its modus operandi in the capitalist world cannot be understood” (p. 59).
And this “another factor of change” is, of course, what Schumpeter called “innovation”
— a broad range of events which includes “the introduction of new commodities, etc., the
technological change in the production of commodities already in use, the opening-up of
new markets or of new sources of supply, Taylorization of work, improved handling of
material, the setting-up of new business organizations, etc. — in short, any ‘doing things
differently’ in the realm of economic life” (p. 59).

In the conditions of a stationary or even of a steadily growing economy, Schumpeter
maintained, “the bulk of what is in common parlance described as profits” would vanish
if earnings of management and various interest items are counted as costs (p. 80). And
the function of innovation is precisely to destroy this stalemate of classical and neoclas-
sical equilibrium by endowing the innovator with a power to raise the price above the
prevailing cost or to lower the cost below the prevailing price. “Profit” is thus “the pre-
mium put upon successful innovation in capitalist society” (pp. 79–80). But the innovator’s
price–cost advantage does not last forever. Once an innovation is successfully introduced
into the economy, “it becomes much easier for other people to do the same thing” (p. 75).
A subsequent wave of imitations renders the original innovation obsolete and gradually
diminishes the innovator’s profit margin. And yet, Schumpeter argued, the characteristic
feature of “disequilibria” created by innovations is that “they recur with some regularity”
(p. 72). For “there will always be possibilities for new combinations [i.e., innovations]. . .

, and always some people able and willing to carry them out” (p. 105). Capitalist economy
indeed consists in the “process of creative destruction” that “incessantly revolutionalizes
the economic structure from within, incessantly destroying an old one, incessantly creating
a new one” (1950, p. 83).

The purpose of this paper is to formalize some of the essential features of the capitalist
economy from the perspective of ‘evolutionary economics’.1 Indeed, Schumpeter (1939,
p. 74) was one of the first to challenge the assumption of perfect rationality of human
decision-makings in traditional economic theory. He said that “the assumption that business
behavior is ideally rational and prompt. . . works tolerably well only within the precincts of
tried experience and familiar motive,” and then claimed that “it breaks down as soon as we
leave those precincts and allow people to be faced by new possibilities of business action
which are as yet untried and about which the most complete command of routine teaches

1 See Nelson and Winter (1982), Dossi et al. (1988), Winter (1990), Metcalfe and Saviotti (1991), and Anderson
(1994) for the comprehensive expositions of the “evolutionary perspective” in economics. Iwai (1999), especially
its Section 7, has also provided some legal as well as sociological foundation for such evolutionary perspective.
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nothing.” In the present paper I will present a series of ‘simple evolutionary models’ that
can describe the development of an industry’s state of technology as an aggregate outcome
of dynamic interactions among innovations, imitations and growth at the micro-level of
firms. These models are ‘evolutionary’ because they assume that the firms’ innovative,
imitative and growth activities are guided not by optimizing policies based on rational
calculations but by satisficing behaviors based on organizational routines.2 These models
are ‘simple’ because they allow us to characterize, only by pencils and paper, both the
short-run movement and long-run performance of the industry’s state of technology in
closed-form expressions.

Mathematically tractable and yet empirically plausible evolutionary models have been
very scarce because of the intrinsic difficulty in formalizing dynamic models without the
help of optimization technique and equilibrium concept. In fact, most evolutionary economic
models have had to rely on numerical simulations for their analyses, thereby casting doubt
on their general applicability. It is hoped that just to present a series of evolutionary models
that are simple enough to allow closed-form solutions will be a net addition to the recently
emerged and rapidly expanding discipline of evolutionary economics.3

This paper is organized as follows. The rest is divided into two sections. Section 2 presents
the basics of our simple evolutionary models. After setting up the static structure of the
industry’s technology in Section 2.1, Sections 2.2 and 2.3 examine how firms’ imitative
and innovative activities move the state of technology over time. It is argued that while
the swarm-like appearance of imitations pushes the state of technology towards uniformity
(hence the economic evolution has a Lamarkian feature), the punctuated appearance of
innovations disrupts the imitations’ equilibriating tendency. Section 2.4 then turns to the
long-run of the industry’s state of technology. It shows how these conflicting microscopic
forces will balance with each other in a statistical sense and give rise to a long-run average
distribution of efficiencies across firms. What the economy approaches in the long-run is
not a classical and neoclassical equilibrium of uniform technology but at best a statistical
equilibrium of technological disequilibria.

The central core of any evolutionary theory worthy of the name is the Darwinian selection
mechanism — the fittest survives and spreads its favored traits through higher reproduction
rate. In the case of economic evolutionary models, this selection mechanism works itself
out through differential growth rates between high profit firms and low profit firms (or
between high profit capital stocks and low profit capital stocks). In order to incorporate
this mechanism, Section 3 of the paper superimposes the process of capital growth upon
the evolutionary models of Section 2. In fact, Section 3.1 sets up two alternative models of
capital growth — one for disembodied technology and the other for embodied technology.
Sections 3.2 and 3.3 then analyze the dynamic interactions between capital growth on the
one hand and technological imitations and innovations on the other and then derive the

2 The term “satisficing” designates the behavior of a decision maker who does not optimize a well-defined
objective function but simply seeks to obtain a satisfactory utility or return. See Simon (1957).

3 In this sense the present paper continues the task of my previous papers (Iwai, 1984a,b) in thisJournal. Their
major objective was also to provide a simple theoretical framework which is capable of analyzing the phenomena of
innovation, imitation and growth not as equilibrium trajectories determined by the far-sighted choices of optimizing
firms but as dynamic processes moved by complex interactions among short-sighted firms striving for survival
and growth in essentially uncertain environments.



170 K. Iwai / J. of Economic Behavior & Org. 43 (2000) 167–198

long-run average efficiency distributions of capital stocks. Even if the Darwinian selection
mechanism is introduced explicitly into our picture of the economy, what it will approach in
the long-run is still not a classical and neoclassical equilibrium of uniform technology but
at best a statistical equilibrium of technological disequilibria which reproduces a relative
dispersion of efficiencies among capital stocks in a statistically balanced form.

The challenge to any theory claiming to challenge the traditional theory is to match its
power to predict the empirical patterns of the developmental processes of advanced capital-
ist economies. The purpose of the penultimate section (Section 3.4) is indeed to demonstrate
that our simple evolutionary models are capable of ‘simulating’ all the macroscopic char-
acteristics of neoclassical growth model both in the short-run and in the long-run.4 If
the neoclassical growth model is capable of accounting the actual developmental paths
of advanced capitalist economies, our simple evolutionary models are equally capable of
performing the same task. Section 3.5 concludes the paper.

2. An evolutionary model of imitation and innovation

2.1. The state of technology in the short-run

Consider an industry which consists of a large number of firms competing with each
other. Some firms are active participants of the industry, busy turning out products; others
are temporarily staying away from production but are ready to start it when the right time
comes. Let us denote byF the total number of firms, both active and inactive, and assume
it to be constant over time. In order to make the description of the industry as general as
possible at this stage of analysis, I will not specify the market structure until Section 3.1; the
industry may face a perfectly competitive market or a monopolistically competitive market
or other market form for its products.

The starting point of our evolutionary model is an observation that technological knowl-
edge is not a pure public good freely available among firms at least in the short-run. Ac-
cordingly, let us suppose that there areNt distinct technologies in an industry at timet,
which can be labeled as 1,2, . . . , Nt − 1, Nt . Let us also suppose that their efficiency can
be ordered linearly from the worst to the best, so that we can identify the index 1 as the
least efficient and the indexNt as the most efficient technology. In Section 2.3 I will specify
these technologies in more detail, but until then there is no need to commit to any particular
specification. Note that the index of the best technologyNt has a time subscriptt, because
firms’ innovative activities are bringing in new technologies into the industry every now
and then, as we will soon see.

Let me describe how technologies are distributed over firms, or it comes to the same thing,
how firms are distributed over technologies. For this purpose, letft (n) stand for the relative
share of firms having access to thenth technology at timet. (Their total number is equal to
Fft (n).) It of course satisfies an adding-up equation:ft (1)+· · ·+ft (n)+· · ·+ft (Nt ) = 1.
The set of these shares,{ft (n)}, is called the ‘efficiency distribution of firms’ at timet, for
it gives us a snap-shot picture of the distribution of firms over a spectrum of technologies

4 In this sense, this section follows up the simulation exercises of Chapter 9 of Nelson and Winter (1982).
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from the best to the worst. Unlike the paradigm of classical and neoclassical economics,
however, the state of technology is never static in a capitalist economy. As time goes by,
dynamic competition among firms over technological superiority constantly changes the
efficiency distribution of firms from one configuration to another. I will now turn to the
evolutionary process of the efficiency distribution of firms in our Schumpeterian industry.

2.2. Imitations and the evolution of the state of technology

There are basically two means by which a firm can advance its technology — by inno-
vation and by imitation. A firm may succeed in putting a new and better technology into
practice by its own R&D efforts. A firm may increase its efficiency by successfully copying
another firm’s technology. The evolution of the state of technology is then determined by
the dynamic interaction of innovations and imitations. We take up the process of imitations
first.

Technological information is not a pure public good freely available among firms. It
is, however, not a pure private good either. As remarked by Arrow (1962, p. 615), “the
very use of the information in any productive way is bound to reveal it, at least in part”,
and “mobility of personnel among firms provides a way of spreading information.” Even
if property rights are assigned to the owners of new technology, they can provide only a
partial barrier, “since there are obviously enormous difficulties in defining in any sharp
way an item of information and differentiating it from other similar sounding items.” New
technology is bound to spread among firms through their imitative activities and its secret
is more likely to leak out as more and more firms have come to use it for production. There
is always an element of bandwagon effect in the diffusion of new ideas or new things (e.g.,
Coleman et al., 1957). The following hypothesis formalizes such a diffusion process in the
simplest possible manner.5

Hypothesis (IM-b). Firms seek to imitate only the best technologyNt , and the probability
that one of the firms succeeds in imitating the best technology during a small time interval
dt is equal toµFft (Nt )dt , whereFft (Nt ) is the number of firms currently using the best
technology andµ (>0) is a small constant uniform across firms.

The imitation parameterµ represents the effectiveness of each firm’s imitative activity.
As was indicated in Section 2.1, the present paper follows the strict evolutionary perspective
in supposing that firms do not optimize but only “satisfice” in the sense that they simply
follow organizational routines in deciding their imitative, innovative and growth policies.
Indeed, one of the purposes of this paper is to see how far we can go in our description of the
economy in dynamic performances without the assumption of individual super-rationality.
We simply assumeµ as a given constant whose value is a legacy from the past.

5 Both Hypotheses (IM′) and (IM) in Iwai (1984a,b, 1998) suppose that firms imitate not only the best technology
but also any of the technologies better than the ones currently used. Hypothesis (IM′) then assumed that the
probability of imitating thenth technology is equal toµft (n) per unit of time and Hypothesis (IM) then assumed
that the probability is equal toµst (n), wherest (n) represents the capital share of thenth technology. Note thatµF
in our Hypothesis (IM-b) corresponds toµ in Hypotheses (IM′) and (IM) in those papers.
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Hypothesis (IM-b) allows us to analyze the evolution of the efficiency distribution of firms
in the following manner. First, consider the evolution of the share of the best technology
firmsft (Nt ). Its value increases whenever one of the firms using a lesser technology succeeds
in imitating the best technologyNt . Since the relative share of those firms is 1−ft (Nt ) and
the probability of such a success for each firm isµFft (Nt )dt during a small interval dt, we
can calculate the expected increase inft (Nt ) during dt as(µFft (Nt )dt)(1 − ft (Nt )). If the
number of firmsF is sufficiently large, we can apply the law of large numbers and deduce
the following differential equation (as a good approximation) for theactualrate of change
in ft (Nt ):

ḟt (Nt ) = µFft (Nt )(1 − ft (Nt )). (1)

This is of course a ‘logistic differential equation’ with a logistic parameterµF. SettingT
as an initial time, it is not hard to solve it to obtain the following explicit formula:6

ft (Nt ) = 1

1 + (1/fT (Nt )− 1)e−µF(t−T ) for t ≥ T , (2)

where e stands for the exponential. This is nothing but a ‘logistic growth curve’ which
appears frequently in population biology and mathematical ecology.

Next, consider the evolution of the relative share of the firms employing one of the less
efficient technologies or offt (n) for n = Nt −1, Nt −2, . . . ,1. This share decreases when-
ever one of those firms succeeds in imitating the best technology. Since the relative share of
those firms isft (n) and the probability of such a success for each firm isµFft (Nt )dt during
a time interval dt, we can calculate the expected decrease inft (n) as(µFft (Nt )dt)ft (n).
The law of large numbers then enables us to deduce the following differential equation (as
a good approximation) for theactualrate of change inft (n):

ḟt (n) = −µFft (Nt )ft (n), n = 1,2, . . . , Nt − 1. (3)

We can also solve this to obtain the following formulae:

ft (n) = fT (n)(1 − ft (Nt ))

1 − fT (Nt )
, n = 1,2, . . . , Nt − 1 (4)

for t ≥ T . They describe the way the shares of the lesser technology decay over time.
Fig. 1 illustrates the evolution of both growth equation (2) and decay equation (4) in

a three-dimensional diagram. Itsx-axis measures time,y-axis the technology index, and
z-axis the share of firms. The S-shaped curve in the front traces the growth pattern of the
share of the best technology firms. Every other curve traces the decaying pattern of the
share of each of the lesser technology firms. These curves give us a motion picture of the
evolution of the state of technology,{ft (Nt ), . . . , f (1)}, under the pressure of imitative
activities. When only a small fraction of firms use the best technology, imitation is difficult
and the growth of its users is slow. But one imitation breeds another and a bandwagon soon

6 A logistic differential equationx′ = ax(1− x) can be solved as follows. Rewrite it asx′/x − (1− x)′/(1− x)

and integrating it with respect tot, we obtain logx − log(1 − x) = logx0 − log(1 − x0)+ at, or x/(1 − x) =
eat x0/(1 − x0). This can be rewritten asx = 1/(1 + (1/x0 − 1)e−at), which is nothing but a logistic equation
given by (2).
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Fig. 1. Evolution of the efficiency distribution of firms under the sole pressure of technological diffusion.

sets in motion. The growth of the share of the best technology accelerates until half of the
firms come to adopt it. Then the growth starts decelerating, while the share itself continues
to grow until it absorbs the whole population in the industry. In the long-run, therefore, the
best technology will dominate the entire industry. Such swarm-like process of technological
diffusion is nothing but an economic analog of the “Lamarkian” evolutionary process.

2.3. Innovations and the evolution of the state of technology

Does this mean that the industry’s long-run state is no more than the paradigm of classical
and neoclassical economics where every market participant has complete access to the best
technology available in the industry? The answer is a “No”. And the key to this answer
lies in the innovation — the carrying out of what Schumpeter called a “new combination”.
Indeed, the function of innovative activities is precisely to destroy this evolutionary tendency
towards a static equilibrium.

Suppose that at some point in time, one of the firms succeeds in introducing a new and
better technology into the industry. From that time onwards, this new technology takes over
the best technology indexNt and the former best technology is demoted to the lesser index
Nt − 1. Let us denote this epoch byT(Nt ) and call it the ‘innovation time’ forNt . Since the
total number of firms isF, this means that att = T (Nt ) a new shareft (Nt ) emerges out of
nothing and takes the value of 1/F.

No sooner does this innovation take place than do all the lesser technology firms seek
the opportunities to imitate it. Under Hypothesis (IM-b), this sets in motion a new logistic
growth curve (2) offt (Nt ) from an initial share 1/F. Hence, we have

ft (Nt ) = 1

1 + (F − 1)e−µF(t−T (Nt )) for t ≥ T (Nt ). (5)
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Fig. 2. Evolution of the efficiency distribution of firms under the joint pressure of technological diffusion and
recurrent innovations.

As for the lesser technologies (including the former best technology which now has the
index ofNt − 1), each of their shares then follows a decay curve (4), or

ft (n) = fT (Nt )(n)(1 − ft (Nt ))

1 − 1/F
for t ≥ T (Nt ), n = 1,2, . . . , Nt − 1. (6)

Note here that if the innovator used technologym just before the innovation, the shareft (m)
loses 1/F at t = T (Nt ). But all the other shares traverse the innovation timeT(Nt ) without
any discontinuity. Fig. 2 squeezes all these processes into a three-dimensional diagram.

Innovation is not a single-shot phenomenon, however. No sooner than an innovation
takes place, a new round of competition for a better technology begins, and no sooner than
a new winner of this game is named, another round of technological competition is set
out. The whole picture of Fig. 2 exhibits how the industry’s state of technology evolves
over time as a dynamic interplay between two opposing technological forces — swarm-like
appearance of imitations and creative destruction of innovations. While the former works
as an equilibriating force which tends the state of technology towards uniformity, the latter
works as a disequilibriating force which destroys this leveling tendency.

A new question arises: is it possible to derive any law-like properties about the industry’s
state of technology out of this seemingly erratic movement? In order to give an answer
to this question, we need to characterize the nature of technological innovations in more
detail. The next hypothesis is about the impact of each innovation on the rate of productivity
increase.

Hypothesis (PG). Each innovation causes the productivity of the industry’s best technology
Nt to grow by a fixed rate ofλ (>0).
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If we denote bya(n) the labor productivity of thenth innovation, then it is given by eλn .
The next assumption is about the stochastic nature of the way innovations take place over
time. Indeed, this paper presents two alternative hypotheses.

Hypothesis (IN-a). Every firm has an equal chance for an innovation, and the probability
that each firm succeeds in an innovation during a small time interval dt is ν dt , whereν (>0)
is a constant much smaller thanµ and uniform across firms.

Hypothesis (IN-b). Only the firms using the best technology are able to carry out the next
innovation, and the probability that each of these firms succeeds in an innovation during a
small time interval dt is ξ dt , whereξ (>0) is a constant much smaller thanµ and uniform
across firms.

The above two hypotheses constitute two polar cases about the pool of potential innovators
from which the next innovator is drawn. Hypothesis (IN-a) insists that there is no prerequisite
knowledge for a firm to become an innovator, whereas Hypothesis (IN-b) insists that one
has to practice the most advanced technology in order to make a further progress on it. The
reality of course lies somewhere in between.

The innovation parameterν or ξ represents the effectiveness of each firm’s innovative
activity. In the present paper which has adopted a strict evolutionary perspective, their
values are taken as exogenously given. Since the total number of firms isF, Hypothesis
(IN-a) implies that the probability of an innovation during a small time interval dt is given
by νF dt . Since the total number of best technology firms isFft (Nt ), Hypothesis (IN-b)
implies that the probability of an innovation during a small time interval dt is given by
ξFft (Nt )dt .

We have already definedT(Nt ) as the time at which a technologyNt is introduced for
the first time into an industry. A difference between two adjacent innovation times,T (Nt +
1) − T (Nt ), thus defines a ‘waiting period’ for the next innovation. LetW(t) denote its
probability distribution, orW(t) ≡ Pr{T (Nt + 1)− T (Nt ) ≤ t}. Then, Appendix A shows
that it can be expressed asW(t) = 1 − e−νFt under Hypothesis (IN-a) and asW(t) =
1− (((F −1)+eµFt)/F )−ξ/µ under Hypothesis (IN-b). Letω denote the ‘expected waiting
time’ of the next innovation, orω ≡ E(T (Nt+1)−T (Nt )) = ∫∞

0 t dW(t). Then, Appendix
A also shows that it can be calculated as

ω = 1

νF
(7a)

under Hypothesis (IN-a), and as

ω =
∞∑
i=0

(1 − 1/F )i

(ξ + µi)F
(7b)

under Hypothesis (IN-a). Note that an increase inν decreasesω of (7a) and an increase in
ξ andµ decreasesω of (7b).
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2.4. The efficiency distribution of firms in the long-run

The state of technology given by{ft (n)} is a historical outcome of the dynamic interaction
between imitations and innovations. A swarm-like appearance of imitations is an equilibri-
ating force which pushes the industry’s state of technology towards uniformity, whereas the
punctuated arrival of an innovation is a disequilibrium force which destroys such tendency
towards technological uniformity. Every time an innovation has taken place, a new round
of imitative activities starts from scratch and resumes their pressure towards technological
uniformity. As time goes by, however, innovations turn up over and over again and reset the
process of imitations over and over again. In fact, under both Hypotheses (IN-a) and (IN-b),
the sequence of waiting periods are mutually independent random variables having the same
probability distributionW(t), so that the whole movement of{ft (n)} within each waiting
period becomes a statistical replica of each other. This means that the entire evolutionary
process of the state of technology now constitutes what is called a “renewal process” in the
probability theory.7 (As a matter of fact, under Hypothesis (IN-a) it constitutes the sim-
plest of all renewal processes — a “Poisson process”.) We can thus expect that over a long
passage of time, a certain statistical regularity will emerge out of its seemingly irregular
patterns.

The first regularity we want to examine is about the productivity growth rate of the best
technology. For this purpose let us note thatNt , the index of the best technology at time
t, can also be identified with the number of innovations occurring from time 0 to timet.
Then the so-called ‘renewal theorem’ in the probability theory as in Feller (1966, p. 137)
says that ast becomes very large, the random occurrence of innovations will be gradually
averaged out and that the expected rate of innovationsE(Nt )/t will approach the inverse
of the expected waiting period 1/ω. Since by Hypothesis (PG), each innovation raises the
productivity by a rateλ, the productivity of the industry’s best technology is thus expected
to grow at the rate ofλ/ω in the long-run. Hence by (7a), we have

E

(
log(a(Nt ))

t

)
→ νFλ (8a)

under Hypothesis (IN-a), and by (7b), we have

E

(
log(a(Nt ))

t

)
→ Fλ∑

i ((1 − 1/F )i/(ξ + µi))
(8b)

under Hypothesis (IN-b). It is not hard to show that under Hypothesis (IN-a), an increase in
ν andλ increases the long-run growth rate of the best technology, and that under Hypothesis
(IN-b), an increase inξ , µ andλ increases the long-run growth rate of the best technology.

7 A processE is called a ‘renewal process’ if after each occurrence ofE the trials start from scratch in the sense
that the trials following an occurrence ofE form a replica of the whole experiment, or equivalently if the waiting
timesW(t) between successive events are mutually independent random variables having the same distribution.
See, for instance, Feller (1966, Chap. 11) and Cox and Miller (1965, Chap. 9) for the general discussion on the
renewal process.
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The industry’s productivity growth is thus endogenously determined in this evolutionary
model.8

Indeed, not merely the process of innovations but also the entire evolution of the effi-
ciency distribution of firms is expected to exhibit a statistical regularity in the long-run.
To see this, let us focus on the sequence of technology indices arranged in reverse order,
Nt,Nt − 1, . . . , Nt − i, . . .. As t moves forward, a technology occupying each of these
indices becomes better and better. But the best technologyNt is always the best technol-
ogy, the second-best technologyNt−1 the second-best,. . . , the (i+1)th-best technology
Nt−i the (i+1)th-best, independent of their actual occupants. The set of technology shares,
{ft (Nt ), ft (Nt −1), . . . , ft (Nt − i), . . .}, thus represents therelativeform of the efficiency
distribution of firms. If there is any statistical regularity at all, it must come out from the re-
current pattern of thisrelativedistribution over a long passage of time. Let us thus determine
its long-run average configuration.

Here I am omitting all the mathematical details and only reporting the results obtained
in Appendix B first in the form of geometry and then in the form of algebraic equations.

Fig. 3a below illustrates the relative form of long-run average efficiency distribution
when every firm can innovate, and Fig. 3b the relative form of the long-run average state of
technology when only the best technology firms can innovate. The former has the form of
geometric distribution, and the latter usually has a peak at the second-best technology and
assumes the form of geometric distribution from that point onwards.

The mathematical formulae for these curves are given as follows. Under Hypothesis
(IN-a), we have

E{ft (Nt ) → Φ,

E{ft (Nt − i)} → Φ(1−Φ)i, i = 1,2, . . . , Nt − 1, where

Φ ≡
∫ ∞

0

νF e−νFz

1 + (F − 1)e−µFz
dz =

∫ 1

1/F

(
x

1/F

)1−ν/µ ( 1 − x

1 − 1/F

)ν/µ
dx. (9a)

(Note that 0< Φ < 1
2ν(F − 1)1−ν/µ < 1

2νF . This is of course much smaller than unity.)
It is not hard to show that∂Φ/∂ν > 0 and∂Φ/∂µ < 0. Under Hypothesis (IN-b), we have

E{ft (Nt )} → 1

ξFω
= 1∑

i (1 − 1/F )i/(1 + i(µ/ξ))
,

E{ft (Nt − i)} →
(

1 − 1

ξFω

)(
µ

ξ + µ

)(
ξ

ξ + µ

)i−1

,

i = 1,2, . . . , Nt − 1. (9b)

It is again not hard to show that∂E{ft (Nt )}/∂ξ < 0 and∂E{ft (Nt )}/∂µ > 0.
We have thus seen that what our Schumpeterian industry approaches in the long-run is not

a classical or neoclassical equilibrium of uniform technology but a statistical equilibrium

8 In contrast to the models in Iwai (1984a,b, 1998) which have assumed that the productivity growth rate of the
best possible technology is determined exogenously by the inventive activities of academic institutions, private
firms, government agencies and amateur inventors outside of the industry.
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Fig. 3. Long-run average efficiency distribution of firms, (a) when every firm can strike an innovation and (b) when
only one of the best technology firms can strike an innovation.

of technological disequilibria which reproduces a relative dispersion of efficiencies among
firms in a statistically balanced form.

3. An evolutionary model of capital accumulation and technological change

3.1. The mechanism of economic selection

One of the main pillars of any evolutionary theory worthy of the name is the Darwinian
selection mechanism — the fittest survives and spreads their traits through higher repro-
duction rates. In the case of economic evolutionary process, this Darwinian mechanism
works through differential growth rates between efficient and inefficient capital stocks. If
technology is not embodied in capital stock, those firms which carry better technologies
generate higher profits and accumulate their capital stocks more rapidly than others, and
if technology is embodied in capital stock, those capital stocks which embody better tech-
nologies generate higher profits and are accumulated more rapidly than others. It is time to
introduce the process of capital accumulation into our evolutionary models.
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Let us denote bykt (n) the total capital stock carrying technologyn at time t and by
Kt the total capital stock accumulated in the entire industry at timet. We of course have
Kt = kt (Nt ) + kt (Nt − 1) + · · · + kt (1). Let us also denote byst (n) the ‘capital share’
of thenth technology at timet defined bykt (n)/Kt . We then call the set of capital shares,
{st (n)}, the ‘efficiency distribution of capital stocks,’ for it gives us a snapshot picture of
the way the industry’s total capital stock is distributed over a spectrum of technologies from
the most efficient to the least efficient. As is the case of efficiency distribution of firms
{ft (n)}, the efficiency distribution of capital stocks{st (n)} is never static in a capitalistic
economy. Differential growth rates between efficient and inefficient capital stocks as well
as technological competition among firms constantly change its configuration over time. In
order to analyze this process, we now have to specify the structure of the markets as well
as the structure of each technology much more concretely than in Section 2.

First, let us assume that each technology is of Leontief-type fixed proportion technology
with labor service as the variable input and capital stock as the fixed input. Let us also assume
that only the labor productivity varies across technologies so that thenth technology can be
written as

y = Min[a(n)l,bk], (10)

wherey, l andk denote output, labor and capital, anda(n) andb denote labor productivity
and capital productivity, respectively. Because of Hypothesis (PG), we havea(n) = eλn,
butb is assumed to be constant over time and uniform across technologies.

Next, let us also suppose that every firm in the industry produces the same product and
hires homogeneous workers. They thus face the same pricePt for the products they produce
and the same money wage rateWt for the workers they hire. Letrt (n) denote the real rate
of profit (in terms of product price) accruing from the use of thenth technology at time
t. If the price of capital equipment is equal to the price of product, it can be calculated as
rt (n) = (Pty−Wtl)/Ptk = b(1−(Wt/Pt )/a(n)), which we approximate asb(log(a(n))−
log(Wt/Pt )) for analytical convenience. This is not a bad approximation as long as the labor
productivitya(n) and the real wage rateWt /Pt are not so wide apart. Sincea(n) = eλn, this
can be further rewritten asb(λn− log(Wt/Pt )).

“Without development there is no profit, without profit no development”, so said Schum-
peter (1961, p. 154). “For the capitalist system. . . without profit, there would be no ac-
cumulation of wealth.” Our next step is to relate the firms’ capital growth policy to the
rate of profit. Here, I would like to introduce two alternative hypotheses — one for the
case of disembodied technology and the other for the case of embodied technology. In the
case of disembodied technology all the capital stocks accumulated in a firm have the same
productivity, whereas in the case of embodied technology different capital stocks may carry
different technologies even in the same firm. We have the following hypotheses.

Hypothesis (CG-d). Technology is not embodied in capital stocks, and the growth rate of
a firm possessingnth technology is given byγ rt (n) − γ0, whereγ (>0) andγ 0 (>0) are
given positive constants uniform across firms.

Hypothesis (CG-e).Technology is embodied in capital stocks and the growth rate of capital
stocks embodyingnth technology is given byγ rt (n) − γ0, whereγ (>0) andγ 0 (>0) are
given positive constants uniform across both technologies and firms.
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Each of the above hypotheses tries to capture the Darwinian mechanism of economic
selection in the simplest possible manner — capital stocks earning higher profit rates grow
faster than the others and enlarge the shares of the technology they use. The parameterγ

represents the sensitivity of the firms’ growth rate to the rate of profits, and the parameter
γ 0 represents the rate of capital depreciation of the break-even firm or break-even capital
stock. Their values are taken as exogenously given in the present paper.

Now, all the hypotheses in our evolutionary models are finally laid out. First, Hypothesis
(IM-b) concerning the spill-over effects of the best technology through imitations. Second,
Hypothesis (PG) concerning the step-by-step process of innovations. Third, Hypotheses
(IN-a) and (IN-b) concerning the nature of the pool of potential innovators and their success
probability — the one supposing that every firm has an equal chance for innovation and the
other supposing that only the best technology firms can innovate. And finally, Hypotheses
(CG-d) and (CG-e) concerning firms’ capital accumulation policy — the one for the case of
disembodied technology and the other for the case of embodied technology. We are now in
a position to analyze how do these microscopic forces combine with each other and move
the entirety of the efficiency distribution of capital stocks{st (n)} over time. It is necessary
to proceed one by one.

In the first place, let us ignore both technological imitations and technological innovations
for the time being so as to place the process of economic selection in full relief. Let us note
that both Hypotheses (CG-d) and (CG-e) imply that the growth rate of capital stock with
technologyn can be expressed as

k̇t (n)

kt (n)
= γ

(
λn− log

(
Wt

Pt

))
− γ0, n = 1,2, . . . , Nt − 1, Nt . (11)

Sinceṡt (n)/st (n) ≡ k̇t (n)/kt (n)− K̇t /Kt , we can transform the above expression into that
of the growth rate of capital share as

ṡt (n)

st (n)
= γ

(
λn− log

(
Wt

Pt

))
− γ0 −

∑
n

(
γ

(
λn− log

(
Wt

Pt

))
− γ0

)
st (n)

= γ λ

(
n−

∑
n

nst (n)

)
.

Rearranging this expression as

γ λ


n−Ntst (Nt )−

∑
n6=Nt

nst (n)




= γ λ

(
n−Nt + (1 − st (Nt ))Nt − (1 − st (Nt ))

∑
n6=Ntnst (n)

1 − st (Nt )

)
,

we then obtain the following set of differential equations for each of the capital shares
{st (n)}:

ṡt (Nt ) = (γ λζt )st (Nt )(1 − st (Nt )), (12)

ṡt (Nt − i) = −(γ λ)(ζt st (Nt )+ (i − ζt ))st (Nt − i), i = 1,2, . . . , Nt − 1, (13)
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Fig. 4. Evolution of the efficiency distribution of capital stocks under the sole pressure of economic selection.

whereζ t represents the gap between the best technology index and the average index of all
the rest and is defined by

ζt ≡ Nt −
Nt−1∑
n

nst (Nt )

1 − st (Nt )
. (14)

The value ofζ t in general depends ont, but is expected to move only slowly over time.9

Indeed, for the sake of expositional simplicity, we will from now on proceed as if it were
actually an exogenously given constantζ . Then, (12) takes the same logistic form as (1), and
(13) the same mathematical form as (2) except for an additional term−(γ λ)(i−ζ )st (Nt−i).
We can thus solve them to obtain

st (Nt ) = 1

1 + (1/sT (Nt ) − 1)exp{−γ λζF (t − T (Nt ))} , (15)

st (Nt − i) = exp{−γ λ(i − ζ )(t − T (Nt ))} 1 − st (Nt )

1 − sT (Nt )(Nt )
sT (N)(Nt − i),

i = 1, . . . , Nt − 1 (16)

for T (Nt ) ≤ t .
Fig. 4 illustrates the movement of the whole set of capital shares{st (Nt − i)} under the

sole pressure of economic selection in a three-dimensional diagram whosex-axis measures
time, z-axis technology index, andy-axis capital shares. It looks very much like Fig. 1,
which illustrated the diffusion process of the best technology among firms. In fact, we have
again encountered a now familiar S-shaped logistic growth curve, this time tracing out the

9 It would be useful to approximate the value ofζ explicitly by using a fixed-point method recently proposed by
Franke (1998) for the model of Iwai (1984b).
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motion of the best technology’s capital sharest (Nt ). Yet, the logic behind Fig. 4 is entirely
different from that of Fig. 1. In contrast to the Lamarkian evolutionary process depicted in
Fig. 1, what Fig. 4 illustrates is a Darwinian evolutionary process which constantly shifts
the distribution of capital shares from the lesser technology to the best technology through
the relative difference in their growth rates. When the capital share of the best technology
is very small, that share can grow almost exponentially by constantly absorbing the shares
of the lesser technologies. But as the best technology begins to occupy a larger and larger
capital share, the shares of the lesser technologies it absorbs become smaller and smaller. It
thus gradually loses its growth momentum, but keeps growing nevertheless until it finally
swallows the whole industry. If there is neither technological imitation nor technological
innovation, only the fittest will survive in the long-run state of the industry, and this of course
reproduces the Darwinian mechanism of natural selection in the world of economics.

3.2. Capital growth and technological diffusion

In our Schumpeterian industry, there is a continuous wave of technological imitations as
well as an intermittent arrival of technological innovations incessantly interfering the way
capital stocks are accumulated over time. We thus have to modify the economic selection
process discussed in the preceding section in order to take account of such technological
interference. In the present section I will re-introduce the process of technological diffusion,
leaving the re-introduction of technological innovations to the next section.

As we will now see, the impact of technological imitations on capital accumulation is
different when it is embodied in capital stocks and when it is not. Let me examine the case
of disembodied technology first.

Now, we know from (1) that under Hypothesis (IM-b)F ḟt (Nt ) = µF 2ft (Nt )(1 −
ft (Nt )) firms succeed in imitating the best technologyNt during each time unit. In the
case of disembodied technology, these firms can transform all their capital stocks into the
most efficient ones. Since their average capital share is(1 − st (Nt ))/F (1 − ft (Nt )), their
successful imitations on average increase the best technology’s capital sharest (Nt ) by

1 − st (Nt )

F (1 − ft (Nt ))
µF 2ft (Nt )(1 − ft (Nt )) = µFft (Nt )(1 − st (Nt )).

Adding this to the right-hand side of (12), we have

ṡt (Nt ) = (γ λζ st (Nt )+ µFft (Nt ))(1 − st (Nt )) (17d)

for T (Nt ) ≤ t < T (Nt + 1). By the same token, we know from (2) that−F ḟt (Nt −
i) = −µF 2ft (Nt )ft (Nt − i) firms abandon technologyNt − i by imitating the best
technologyNt during each time unit. Since the average capital share of these firms is equal to
st (Nt − i)/Fft (Nt − i), they on average subtract

µF 2ft (Nt )ft (Nt − i)st (Nt − i)

Fft (Nt − i)
= µFf(Nt )st (Nt − i)

from the right-hand side of (13). Hence, under both Hypotheses (CG-d) and (IM-b), we have

ṡt (Nt − i) = −(γ λζ st (Nt )+ γ λ(i − ζ )+ µFft (Nt ))st (Nt − i),

i = 1,2, . . . , Nt − 1 (18d)
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for T (Nt ) ≤ t < T (Nt + 1). As will be shown in Appendix C, it is possible to solve these
two differential equations and derive (after some hard work) the following rather formidable
expressions:

st (Nt ) = 1 − Ψ (ft (Nt ))

(1/(1 − sT (Nt )))− (γ λζ/µF)
∫ ft (Nt )

1/F Ψ (x)dx
, (19d)

whereΨ (x) ≡ (x/(1/F ))−γ λζ/µF ((1 − x)/(1 − 1/F ))1+γ λζ/µF , andft (Nt ) is a logistic
curve 1/(1 + (F − 1)eµF(t−T (Nt ))) defined by (5);

st (Nt − i) = exp{−γ λ(i − ζ )(t − T (Nt ))} 1 − st (Nt )

1 − sT (Nt )(Nt )
sT (Nt )(Nt − i),

i = 1,2, . . . , Nt − 1 (20d)

for T (Nt ) ≤ t < T (Nt + 1).
Let us next examine the case of embodied technology. Again under Hypothesis (IM-b),

during each time unitF(dft (Nt )/dt) firms come to imitate the best technologyNt . In
the case of disembodied technology, however, these firms have to invest in new capital
stocks in order to be able to use the newly adopted technology. Let us denote byσKt
the minimum capital stock that is necessary to start a new production process and assume
that the coefficientσ is invariant over time. (This initial capital stock is assumed to be
financed by bank credit.) Then, the firms’ successful imitations increase the best technology
capital stockkt (Nt ) by σF ḟt (Nt ). If we note that they also increase the total quantity
of capital stockKt by the same magnitude, we can calculate the contribution of these
embodied imitations to the rate of change in the best technology’s capital share asṡt (Nt ) =
k̇t (Nt )/Kt − st (Nt )K̇t /Kt = σF ḟt (Nt )(1 − st (Nt )). Adding this to (13), we have

ṡt (Nt ) = (γ λζ st (Nt )+ σF ḟt (Nt ))(1 − st (Nt )) (17e)

for T (Nt ) ≤ t < T (Nt + 1). By the same token, we can calculate the rate of change in the
lesser technology’s capital share as

ṡt (Nt − i) = −(γ λζ st (Nt )+ γ λ(i − ζ )+ σF ḟt (Nt ))st (Nt − i),

i = 1,2, . . . , Nt − 1 (18e)

for T (Nt ) ≤ t < T (Nt + 1). As will be seen in Appendix C, it is again possible to solve
these two differential equations and deduce the following expressions for the motion of
capacity shares:

st (Nt ) = νF exp{ − γ λζ(t − T (Nt ))− σF(ft (Nt )− 1/F )}
(1 + σ)− γ λζ

∫ t−T (Nt )
0 exp{ − γ λζ s − σF(fs(Ns)− 1/F )} ds

, (19e)

st (Nt − i) = exp{−γ λ(i − ζ )(t − T (Nt ))}1 − st (Nt )

1 + σ
sT (N)(Nt − i),

i = 1,2, . . . , Nt − 1 (20e)

for T (Nt ) ≤ t < T (Nt +1). (Here we have used the fact thatsT (Nt−i)(Nt − i) = σ/(1+σ)
andsT (Nt )(Nt − i) = sT (Nt )−0(Nt − i)/(1 + σ), because at each innovation time not only
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Fig. 5. Evolution of the efficiency distribution of capital stocks under the joint pressure of economic selection,
technological diffusion and recurrent innovations when technology is not embodied in capital stocks.

the capital stock of the best technology jumps from 0 toσKt but also the total capital stock
increases fromKt to (1 + σ)Kt ).

Fig. 5 illustrates the motion of the capital shares in the case of disembodied technology
given by (19d) and (20d). That of the case of embodied technology, given by (19e) and (20e),
is qualitatively the same, and is not shown here. In particular, the left-most portions of these
two diagrams show how the Darwinian mechanism of economic selection and the Lamarkian
process of technological diffusion jointly contribute to the logistic-like growth process of
the best technology’s capital share — the former by growing the most efficient capital
stocks relative to the other and the latter by diffusing the best technology throughout the
industry. While the Darwinian mechanism of economic selection represents a centralizing
force, the Lamarkian process of technological diffusion represents a decentralizing force in
the industry. But, no matter how opposed the underlying logic might be, their effects upon
the efficiency distribution of capital stocks are the same — the best technology tends to
dominate the industry’s entire capital stocks in the long-run, other things being equal. But,
of course, other things will not be equal in the long-run.

3.3. Growth, imitation and innovation in the long-run

Finally, let us re-introduce the process of technological innovations into our picture. As
is seen by simply tracing out the evolutionary curves of various capital shares from left to
right in Fig. 5 of the preceding section, it is again the recurrence of innovations that destroys
the equilibriating tendency of the state of technology moved by the Darwinian process of
economic selection and the Lamarkian process of technological diffusion. Innovation is a
disequilibrium force of the industry structure.
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As time goes by, however, innovations turn up over and over again and reset the processes
of economic selection and technological diffusion over and over again. We have already
shown in Section 2.4 how the efficiency distribution of firms will in the long-run exhibit
a statistical regularity. It is the task of the present section to examine whether the efficient
distribution of capital stocks will also exhibit some statistical regularity over a long pas-
sage of time. We are thus concerned with the long-run average configuration of{st (Nt ), st
(Nt − 1), . . . , st (Nt − i), . . .}.

Since before us are four different versions of evolutionary models as 2×2 combinations
of Hypotheses (IN-a) and (IN-b) on the one hand and Hypotheses (CG-d) and (CG-e) on the
other, and since the required calculations are rather lengthy, we only report here the results
obtained in Appendix D.

(ad). The case where technology is disembodied and every firm can innovate, i.e., under
Hypotheses (IN-a) and (CG-d).

As t → ∞, we have

E{st (Nt )} → 1 − Γζ ,

E{st (Nt − i)} → (1 − Γζ )Γ1 · · ·Γi, i = 1,2, . . . , Nt − 1, (21ad)

where

Γi ≡
∫ ∞

0

Ψ (ϕ(z))νF exp− (γ λ(i − ζ )+ νF )z dz

F/(F − 1)− (γ λζ/µF)
∫ ϕ(z)

1/F Ψ (x)dx
, (22ad)

9(x) ≡ (x/(1/F ))−γ λζ/µF ((1 − x)/(1 − 1/F ))1+γ λζ/µF , and ϕ(z) ≡ 1/(1 +
(F − 1) e−µFz). Note that 1> Γ1>Γ2 > · · · > Γi−1 > Γi > 0.

(ae). The case where technology is embodied and every firm can innovate, i.e., under
Hypotheses (IN-a) and (CG-e).

As t → ∞, we have

E{st (Nt )} → 1 −Λζ ,

E{st (Nt − i)} → (1 −Λζ )Λ1 · · ·Λi, i = 1,2, . . . , Nt − 1, (21ae)

where

Λi ≡
∫ ∞

0

νF exp{ − γ λ(i − ζ + ζz)− σF(ϕ(z)− 1/F )− νFz} dz

1/(1 − σ)− γ λζ
∫ z

0 exp{ − γ λζy − σF(ϕ(y)− 1/F )} dy
. (22ae)

Note that 1> Λ1 > Λ2 > · · · > Λi−1 > Λi > 0.
(be). The case where technology is embodied and only the best technology firms can

innovate, i.e., under Hypotheses (IN-b) and (CG-e).
As t → ∞, we have

E{st (Nt )} → 1 −Ωζ ,

E{st (Nt − 1)} → (1 − Ψζ )Ω1, (21be)

E{st (Nt − i)} → (1 − Ψζ )Ψ1 · · ·Ψi−1Ωi, i = 2, . . . , Nt − 1,
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where

Ωi ≡
∫ ∞

0

Ei(z)(1/ω)((1 − ϕ(z))/(1 − 1/F ))ξ/µ

(1 + σ)− (γ λζ )
∫ z

0Eζ (y)dy
dz, (22be)

Ψi ≡
∫ ∞

0

Ei(z)ξFϕ(z)((1 − ϕ(z))/(1 − 1/F ))ξ/µ

(1 + σ)− (γ λζ )
∫ z

0Eζ (y)dy
dz. (22be′)

Ei(z) ≡ exp{ − γ λ(i − ζ + ζz)− σF(ϕ(z)− 1/F )}.
Note that 1> Ω1 > · · · > Ωi > 0 and 1> Ψ1 > · · · > Ψi > 0.

(ae). Unfortunately, I have not been able to deduce any explicit formulae for the long-run
average efficiency distribution of capital stocks for the case where technology is disem-
bodied and only the best technology firms can strike an innovation, i.e., under Hypotheses
(IN-a) and (CG-e).

It should be emphasized here that what is important about these mathematical formulae
is not that they have these particular forms but that they can be calculated by pencils and
paper without having recourse to lengthy computer simulations.

Fig. 6 illustrates the long-run average efficiency distribution of capital stocks for the
case (ad) where technology is disembodied and every firm can strike an innovation and the
case (be) where technology is embodied and only the best technology firms can strike an
innovation. Since the shape of the efficiency distribution for the case (ae) where technology
is embodied and every firm can strike an innovation is qualitatively the same as that of the
case (ad), it is not shown here. The first graph has monotonically declining distributions with
the declining rates initially slower than but later faster than that of geometric distribution.
The second graph has a distribution which peaks at the second-best technology and then
declines at the rate initially slower but later faster than that of geometric distribution.

In Section 2 we have seen that our Schumpeterian industry will never approach a classical
or neoclassical equilibrium of uniform technology even in the long-run. If it will approach
anything over a long passage of time, it is an equilibrium of disequilibria which reproduces
a relative dispersion of efficiencies among firms in a statistically balanced form. We have
now seen that even the persistent pressure of Darwinian selection mechanism is incapable
of restoring classical or neoclassical equilibrium in the long-run state of our Schumpeterian
industry. The process of capital accumulation will interact with the processes of innovation
and imitation at the micro-level of firms only to maintain, at best, the relative configuration
of its state of technology in a statistically balanced form.

3.4. Pseudo-aggregate production functions

Since the publication of Robert Solow’s “Technical change and the aggregate production
function” in Solow, 1957, it has become a standard technique in neoclassical growth theory to
decompose the growth rate of an economy’s per capita GNP into the effect of capital/labor
substitution along an aggregate production function due to capital accumulation and the
effect of a continuous shift of the aggregate production function itself due to technological
progress. Solow found that more than 80% of per capital GNP growth rate in the United
States from 1909 to 1949 could be attributed to the technological progress and less than
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Fig. 6. Long-run average distribution of capital stocks, (ad) when technology is disembodied and every firm can
innovate, and (be) when technology is embodied and only the best technology firms can innovate.

20% to the capital deepening, and opened the eyes of economists to the importance of
technological progress in understanding the economic growth process. At the same time it
gave rise to a well-known controversy — the so-called Cambridge–Cambridge controversy
— on the concepts of aggregate production function and aggregate capital stocks on which
Solow’s technique of growth accounting relied heavily. This controversy, however, has now
died out almost completely, perhaps because of its degeneration into such esoteric problems
as re-switching and all that. The purpose of this section is to provide a fresh critique of the
neoclassical growth theory. This time, however, the critique is much more ‘constructive’ than
its predecessors, for I will not dismiss the notion of aggregate production function outright.
Indeed, what I will endeavor in the rest of this section is rather to demonstrate that our
evolutionary model is capable of ‘simulating’ all the characteristics of aggregate production
function without having recourse to the neoclassical assumption of full individual rationality.

Let me begin our “simulation” of neoclassical aggregate production functions by calcu-
lating the industry’s labor demand function. When demand for output is small and the price
just covers the cost of the best technology, or whenPt = Wt e−λNt , only the capital stocks
carrying the best technologyNt are operated and the outputYt is determined by the level
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Fig. 7. A “pseudo-aggregate” production function.

of demand. Because of the fixed proportion technology (10), we can represent the level of
employment associated with this output asLt = e−λNt Yt . When the demand reaches the
total capacity of the best technologybkt (Nt ) = st (Nt )bKt , a further increase in demand is
absorbed solely by an increase in price, while output is kept at the capacity level. But when
the price reaches the wage cost of the second-best technology or whenPt = Wt e−λ(Nt−1),
the second-best capital stocks start to join the production and all the increase in demand is
absorbed by a corresponding increase in output. Then, the relation betweenYt andLt can
be given byLt = e−λNt st (Nt )bKt + e−λ(Nt−1)(Yt − st (Nt )bKt ) until Yt reaches the total
productive capacity of the first- and second-best technology(st (Nt ) + st (Nt − 1))bKt . In
general, when(st (Nt )+ · · · + st (Nt − i))bKt ≤ Yt < (st (Nt )+ · · · + st (Nt − i − 1))bKt ,
the relation betweenYt andLt can be given by

Lt = (st (Nt )+ · · · + eλi st (Nt − i)+ eλ(i+1)(Yt/bKt − (st (Nt )

+ · · · + st (Nt − i)))bKt e−λNt .

If we divide this relation bybKt e−λNt , we can express the efficiency labor–capacity ratio
xt ≡ eλNt Lt/bKt as a function of the output–capacity ratioyt ≡ Yt/bKt as

xt = st (Nt )+ · · · + eλi st (Nt − i)+ eλ(i+1)(yt − (st (Nt )+ · · · + st (Nt − i))),

where st (Nt )+ · · · + st (Nt − i) ≤ yt < st (Nt )+ · · · + st (Nt − i − 1). (23)

Fig. 7 depicts the inverse of the above relation in a Cartesian diagram which measures
efficiency labor–capacity ratioxt along the horizontal axis and output–capacity ratioyt
along the vertical axis. It is not hard to see that this relation satisfies all the properties a
neoclassical production function is supposed to satisfy.10 Yt is linearly homogeneous inLt
andKt becauseyt ≡ Yt/bKt is a function only ofxt ≡ eλNt Lt/bKt . Though not smooth, this
relation also allows a substitution betweenKt andLt and satisfies the marginal productivity
principle:∂−yt/∂xt ≤ 1/Pt = e−λNt Wt/pt (= efficiency real wage rate) ≤ ∂+yt/∂xt .
(Here,∂−y/∂x and∂+y/∂x represent left- and right-partial differentials, respectively.) Yet,
the important point is that this is not a production function in the proper sense of the word!

10 See Sato (1975) for the general discussion on the aggregation of micro-production functions.
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It is a mere theoretical construct summarizing the production structure of the industry as a
whole, and has little to do with the actual technological conditions of the individual firms
working in the industry. As a matter of fact, the technology each firm uses is a Leontief-type
fixed proportion technology which does not allow any capital/labor substitution. It is in this
sense that we call the relation (23) a ‘short-run pseudo-aggregate production function.’

The shape of this function is determined by the efficiency distribution of capital shares
{st (n)}. Hence, as this distribution changes, the shape of the pseudo-production function
also changes, and in our Schumpeterian industry, the efficiency distribution of capital stocks
is incessantly changing over time as a result of dynamic interplay among innovations, imi-
tations and capital growth. The most conspicuous feature of the short-run pseudo-aggregate
production function is therefore its instability.

In the long-run, however, we know we can detect a certain statistical regularity in the rela-
tive form of capital share distribution out of its seemingly unpredictable movement. We can
thus expect to detect a certain statistical regularity in the relative form of pseudo-aggregate
production function out of its seemingly unpredictable movement as well.

To see this, let us first note that by (23),xt = eλ0 st (Nt ) + · · · + eλi st (Nt − i) when
yt = st (Nt )+ · · · + st (Nt − i). Taking expectation, we then have

E(xt ) = E{st (Nt )+ · · · + eλi st (Nt − i)} when

E(yt ) = E{st (Nt )+ · · · + st (Nt − i)}. (24)

Thus, under Hypotheses (IN-a) and (CG-d), if we lett → ∞, we have by (21ad),
E(xt ) → (1 − Γζ )(1 + eλ1Γ1 + · · · + eλi Γi) (25ad)

when

E(yt ) → 1 − Γζ for i = 0,

E(yt ) → (1 − Γζ )(iΓi + (i − 1)Γ2 + · · · + Γi) for i = 1,2, . . . , Nt − 1,

with an understanding thatE(xt ) = 0 whenE(yt ) = 0. Next, under Hypotheses (IN-a) and
(CG-e), if we lett → ∞, we obtain by (21ae),

E(xt ) → (1 −Λζ )(1 + eλ1Λ1 + · · · + eλi Λi) (25ae)

when

E(yt ) → 1 −Λζ for i = 0,

E(yt ) → (1 −Λζ )(iΛ1 + (i − 1)Λ2 + · · · +Λi) for i = 1,2, . . .Nt − 1,

with an understanding thatE(xt ) = 0 whenE(yt ) = 0. Finally, under Hypotheses (IN-b)
and (CG-e), if we lett → ∞, we obtain by (21be),

E(xt ) → 1 −Ωζ + (1 − Ψζ )(e
λ1Ω1 + · · · + eλi Ψ1 · · ·Ψi−1Ωi), (25be)

when

E(yt ) → 1 −Ωζ for i = 0,

E(yt ) → 1 −Ωζ + (1 − ψζ )(Ω1 + ψ1(Ω2 + · · · + ψi−1Ωi) . . .) for

i = 1,2, . . . , Nt − 1,
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with an understanding thatE(xt ) = 0 whenE(yt ) = 0. If we span a convex hull of the
points (E(xt ), E(yt )) defined by each of the above long-run relations, respectively, we are
able to generate the “long-run average pseudo-aggregate production functions” for the three
versions of our evolutionary model.

Since the above three long-run average pseudo-aggregate production functions have vir-
tually the same shape as that of the short-run pseudo-aggregate production function depicted
in Fig. 7, we do not show them here in order to save space. What should be emphasized is that
they all exhibit all the properties that neoclassical production functions should have! The
long-run average output–capacity ratioE(yt ) ≡ E(Yt/bKt ) is indeed an increasing and con-
cave function of the long-run average efficiency labor–capacityE(xt ) ≡ E(eλNt Lt/Kt ).
Thus, it is as if the total work forceLt and total capital stockKt were jointly producing the
total outputYt subject to an aggregate neoclassical production function with Harrod-neutral
(or pure labor augmenting) technological progress eλNt . It is as if we had entered the Solo-
vian world of neoclassical economic growth in which the growth process of the economy
could be decomposed into the capital–labor substitution along an aggregate neoclassical
production function due to capital accumulation and the constant outward shift of the ag-
gregate neoclassical production function itself due to the manna-like technological progress.
This is, however, a mere macroscopic illusion! If we zoomed the microscopic level of the in-
dustry, the picture we would get is entirely different. What we would find out is the complex
and dynamic interplay of many firms’ innovation, imitation and accumulation activities. It
is just impossible to disentangle these microscopic forces and decompose the overall growth
process into a movement along a well-defined aggregate production function and an out-
ward shift of the function itself. As a matter of fact, the basic parameters,λ, µ andν or
ξ , which determine the rate of pseudo-Harrod-neutral technical progress eλNt , are also the
parameters that determine the very shape of the pseudo-aggregate production function. (We
already know from (7a) and (7b) that the long-run average rate of technological change is
equal toλνF under Hypothesis (IN-a) andλF/

∑
i ((1−1/F )i/(ξ+µi)) under Hypothesis

(IN-b).) We are after all living in a Schumpeterian world where the incessant reproduction
of technological disequilibria prevents the pseudo-aggregate production function from col-
lapsing into the fixed proportion technology of individual firms. It is, in other words, its
non-neoclassical features that give rise to the illusion that the economy is behaving like a
neoclassical growth model. Neoclassical growth accounting has no empirical content in our
Schumpeterian world.

3.5. Concluding remarks

This paper has developed a series of simple evolutionary models that can be used to
analyze the development of industry structure as a dynamic process moved by complex
interactions among innovations, imitations and investments of satisficing firms striving for
survival and growth. It has demonstrated that what the industry will approach over a long
passage of time is at best a statistical equilibrium of technological disequilibria which
maintains a relative dispersion of efficiencies in a statistically balanced form.

The fact that the industry will never settle down to an equilibrium state of uniform
technology has an important implication for our understanding of the phenomenon of profits.
In the traditional economic theory, especially in its neoclassical versions, the positivity of
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profits is a sign of economic disequilibria. Competition being perfect, the expansion of
industry supply, the diffusion of technology and the entry of new firms will soon wipe out
any profits in excess of interest payments and risk allowances. There should thus be no room
for the theory of profits in the long-run description of the economy, once the interest rate and
the risk premium are determined by the equilibrium conditions for intertemporal resource
allocation under uncertainty. If, however, the state of technology will forever retain a feature
of disequilibrium, the economy will keep generating positive profits no matter how long it
is run. As Schumpeter (1950, p. 28) once remarked, “surplus values may be impossible in
perfect equilibrium, but can be ever present because that equilibrium is never allowed to
establish itself.” We have thus opened up a room for the long-run theory of profits. In fact,
we already have all the theoretical apparatus for such a theory at hand, and all we have to
do is to work it out in detail.11

The present paper has adopted the so-called ‘satisficing’ principle in its description of the
firms’ behavior — firms do not optimize a well-defined objective function but simply follow
fixed organizational routines in deciding their innovation, imitation and growth policies.
Indeed, one of the purposes of this paper was to see how far we could go in our representation
of the economy’s dynamic performance without relying on the traditional assumption of
perfect rationality of business behavior, and it has even succeeded in ‘simulating’ all the
macroscopic characteristics of neoclassical growth model, and yet, there is no denying
that our strict evolutionary assumption of fixed organizational routines is as unrealistic
as the neoclassical assumption of fully rational decision-making is. Where have all these
organizational routines come from? How will they change over time? Another important
agenda for the future research is to study the evolutionary process of these routines by
injecting at least a modicum of rationality into our firms’ headquarters. This will not turn
our evolutionary model into a neoclassical model. But it will, I hope, furnish us with a
common ground with the recently emerged and rapidly growing literature on endogenous
growth in neoclassical economics.12

Appendix A

The purpose of this appendix is to calculate the waiting period distributionW(t) ≡
Pr{T (Nt + 1)− T (Nt ) ≤ t}. The probability that an innovation takes place during a time
interval, [t, t+dt ] for the first time since time 0 isW(t+dt)−W(t) = dW(t). This is also
the probability that no innovation has taken place during (0,t) and an innovation takes place
during [t, t + dt ]. Since the probability of the former equals 1−W(t) and that of the latter
equalsνF dt under Hypothesis (IN-a) andξFft (Nt )dt under Hypothesis (IN-b), we get
dW(t) = (1−W(t))νF dt under Hypothesis (IN-a), and dW(t) = (1−W(t))ξFft (Nt )dt
under Hypothesis (IN-b). They can be solved, respectively, as

11 Indeed in Iwai (1998), I have already worked out such a theory for the simpler evolutionary model presented
in Iwai (1984b).
12 On endogenous growth literature, see for instance Romer (1990), Segerstrom (1991), Aghion and Howitt (1992,
1997), Grossman and Helpman (1993), Barro and Sala-i-Martin (1999). They are all based on the assumption of
individual rationality which extends over an infinite horizon.
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W(t) = 1 − e−νFt for t ≥ 0, (A.1a)

W(t) = 1 − exp

{
−ξF

∫ t

0
fs(Ns)ds

}
= 1 −

(
(F − 1)+ eµFt

F

)−ξ/µ
for t ≥ 0.

(A.1b)

The expected waiting periodω ≡ ∫∞
0 t dW(t) can then be calculated as

ω =
∫ ∞

0
tνF eνFt dt = 1/νF (A.2a)

under Hypothesis (IN-a). This is (7a) of the text. It can also be calculated as

ω =
∫ ∞

0
(1 −W(t))dt =

∫ ∞

0

(
F − 1 + eµFs

F

)−ξ/µ
ds =

∞∑
i=0

(1 − 1/F )i

(ξ + µi)F
(A.2b)

under Hypothesis (IN-b). This is (7b) of the text.

Appendix B

The purpose of this appendix is to deduce the long-run average efficiency shares of firms
given by (9a) and (9b) in the main text.

The share of the best technologyft (Nt ) emerges atT(Nt ) and moves along (5) from that
time onwards. Its value att is thus determined by how far backT(Nt ) was. LetBt (z) denote
“the backward waiting period distribution” defined byBt(z) ≡ Pr{s − T (Nt ) ≤ z}. Then,
we have

E{ft (Nt )} =
∫ t−T (Nt )

0

1

1 + (F − 1)e−µFz
dBt(z). (B.1)

Now, since the sequence of waiting times,T (2)−T (1), . . . , T (Nt+1)−T (Nt ), constitutes
a “renewal process”, the renewal theory tells us thatBt (z) will in the long-run approach a
steady-state distribution

∫ z
0 ((1−W(s))/ω)ds independent oft (see Feller (1966, p. 355)).

Hence, under Hypothesis (IN-a), we obtain

E{ft (Nt )} →
∫ ∞

0

νF e−νFz

1 + (F − 1)e−µFz
dz

=
∫ 1

1/F

(
x

1/F

)1−ν/µ ( 1 − x

1 − 1/F

)ν/µ
dx. (B.2a)

This is the first line of (9a). Under Hypothesis (IN-b), we also obtain

E{ft (Nt )} →
∫ ∞

0

(1 −W(z))/ω

1 + (F − 1)e−µFz
dz

= 1

ξFω
= 1∑

i (1 − 1/F )i/(1 + (µ/ξ)i)
. (B.2b)

This is the first line of (9b).
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Next, let us turn to the shares of the less than best technologiesft (Nt − i) for i =
1,2, . . . , Nt − 1. Rewrite (6) recursively as

ft (Nt − i)

= 1 − ft (Nt )

1 − fT (Nt )(Nt )

fT (Nt )(Nt − i)

fT (Nt−0)(Nt − i)

1 − fT (Nt−0)(Nt − 1)

1 − fT (Nt−1)(Nt − 1)

fT (Nt−1)(Nt − i)

fT (Nt−1−0)(Nt − i)

. . .
1 − fT (Nt−i−0)(Nt − i + 1)

1 − fT (Nt−i+1)(Nt − i + 1)

fT (Nt−i+1)(Nt − i)

fT (Nt−i+1−0)(Nt − i)

fT (Nt−i+1−0)(Nt − i). (B.3)

The sharefs(Nt − i) (i = 1,2,3, . . .) thus goes throughi different phases. First, it
emerges at its own innovation timeT (Nt − i) and moves along a logistic curve 1/(1 +
(F − 1)exp{−µF(s − T (Nt − i))}) until the next innovation timeT (Nt − i + 1). If the
innovator ofNt − i+1 is not its member, it traversesT (Nt − i+1) smoothly and follows a
decay curvefT (Nt−i+1)(Nt− i)(1−fs(Ns))/(1−1/F ) until T (Nt− i+2). If the innovator
is one of its former members, it loses a share of 1/F atT (Nt − i + 1) and follows the same
decay curve from a reduced initial value:fT (Nt−i+1)(Nt−i) = fT (Nt−i+1−0)(Nt−i)−1/F .
This process is repeated forT (Nt − i + 2) ≤ s < T (Nt − i + 3), . . . for T (Nt − 1) ≤
s < T (Nt ), and finally in a truncated form forT (Nt ) ≤ s ≤ t . Now, under Hypothesis
(IN-a), the probability that the innovator is one of its former members is equal to its very
share, so that its expected reduction at each innovation time is(1/F )fT (Nt−m), so that
E{fT (Nt−m)(Nt − i)/fT (Nt−m−0)(Nt − i)} = 1−1/F at least in the long-run for eachm =
i−1, i−2, . . . ,0.Noting thatT (Nt−i+1)−T (Nt−i) ≤ zobeys the probability distribution
W(z) and thatt − T (Nt ) ≤ z the distributionBt (z), we have fori = 1,2, . . . , Nt − 1:

E{ft (Nt − i)} =
∫ t−T (Nt−i)

0
ϕ(z)dW(z)

(
1 − 1

F

)
∫ t−T (Nt−i+1)

0

1 − ϕ(z)

1 − 1/F
dW(z)

(
1 − 1

F

)
. . .

∫ t−T (Nt−1)

0

1 − ϕ(z)

1 − 1/F
dW(z)

(
1 − 1

F

)
∫ t−T (Nt )

0

1 − ϕ(z)

1 − 1/F
dBt(z), (B.4)

whereϕ(z) ≡ 1/(1 + (F − 1)e−µFz). As t → ∞, t − T (Nt − j) → ∞ and dBt(z) →
(1 − W(z))dz/ω. Noting that(1 − W(z))/ω = dW(z) = νF e−νFz under Hypothesis
(IN-a), we have ast → ∞,

E{ft (Nt − i)} → Φ(1−Φ)i with i = 1,2, . . . , Nt − 1, (B.5a)

where

Φ ≡
∫ ∞

0
ϕ(z)νF e−νFz dx =

∫ 1

1/F

(
x

1/F

)1−ν/µ ( 1 − x

1 − 1/F

)ν/µ
dx.
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This is the second line of (9a) in the main text. Next, under Hypothesis (IN-b), the innovator
is always one of the former best technology users and discontinuous transition occurs only
once and atT (Nt − i + 1). Hence, we have

E{ft (Nt − i)} =
(∫ t−T (Nt−i)

0
ϕ(z)dW(z)− 1

F

)∫ t−T (Nt−i+1)

0

1 − ϕ(z)

1 − 1/F
dW(z)

· · ·
∫ t−T (Nt−1)

0

1 − ϕ(z)

1 − 1/F
dW(z)

∫ t−T (Nt )

0

1 − ϕ(z)

1 − 1/F
dBt(z). (B.5b)

As t → ∞, t − T (Nt − j) → ∞ and dBt(z) → (1 − W(z))dz/ω. Then, in view of
(A.1b) and (A.2b), we have∫ ∞

0
(1 − ϕ(z))dW(z) =

∫ ∞

0
(1 − ϕ(z))ξFϕ(z)(1 −W(z))

dz

dϕ(z)
dϕ(z)

= (ξ/µ)

∫ 1

1/F

(
1 − 1

F

)−ξ/µ
(1 − ϕ(z))ξ/µ dϕ(z)

=
(

1 − 1

F

)(
ξ

ξ + µ

)
. (B.6a)

Substituting this as well as (B.2b) into (B.5b), we obtain

E{ft (Nt − i)} →
(

1 − 1

ξFω

)(
µ

ξ + µ

)(
ξ

ξ + µ

)i−1

(B.6b)

with i = 1,2, . . . , Nt − 1. This is the second line of (9b) in the main text.

Appendix C

The purpose of this appendix is to solve the differential equations (17d), (18d), (17e)
and (18e). Lety(t) = 1/(1 − st (Nt )) andϕ(t) = ft (Nt ), then (17d) becomesy(t)′ =
(γ λζ +µFϕ(t))y(t)− γ λζ . This is a first-order ordinary differential equation and has the
solution

y(t) = exp

{∫ t

T

(γ λζ + µFϕ(s))ds

}

×
(
y(T )−

∫ t

T

γ λζ exp

{
−
∫ s

0
(γ λζ + µFϕ(r))dr

}
ds

)
.

By (1), we have

exp

{∫ t

T

µFϕ(s)ds

}
= exp

{∫ t

T

(1 − ϕ)−1 dϕ

}
= exp{log(1 − ϕ(t))+ log(1 − 1/F )} = (1 − 1/F )/(1 − ϕ(t))

and eγ λζ(t−T ) = ((F − 1)ϕ(t)/(1 − ϕ(t)))γ λζ . Substituting these two expressions into
the above solution ofy(t) = 1/(1 − st (Nt )), we obtain (19d). On the other hand, (17e)
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can be transformed into another first-order ordinary differential equation:y(t)′ = (γ λζ +
σFϕ(t)′)y(t)− γ λζ , which again has a solution

y(t) = exp

{∫ t

T

(γ λζ + σFϕ(s)′)ds

}

×
(
y(T )−

∫ t

T

γ λζ exp

{
−
∫ s

0
(γ λζ + σFϕ(r)′)dr

}
ds

)

= exp

{
−γ λζ(t − T )− σF

(
ϕ(t)− 1

F

)}

×
(
y(T )− γ λζ

∫ t

T

exp

{
−γ λζ s − σF

(
ϕ(s)− 1

F

)}
ds

)
.

Substituting this intost (Nt ) = 1 − 1/y(t) and noting thatsT (Nt−i)(Nt − i) = σ/(1 + σ)

in the case of an embodied innovation, we obtain (19e). As for (18d) and (18e), since they
themselves are both linear first-order ordinary differential equations ofst (Nt − i), they can
be easily solved to obtain (20d) and (20e).

Appendix D

The purpose of this appendix is to deduce (21ad), (21ae) and (21be). We have to deal
with each of them separately.

(ad).The case of Hypotheses(IN-a) and (CG-d). The capital share of the best technol-
ogy st (Nt ) emerges atT(Nt ) and moves along a curve (19d). Let Θ(z; sT (Nt )(Nt )) define
expression (19a) as a function ofz = t − T (Nt ) andsT (Nt )(Nt ). Then, we have

E{st (Nt )} =
∫ t−T (Nt )

0
Θ(z; sT (Nt )(Nt ))dBt(z). (D.1d)

Under the assumption of disembodied technology, an innovator can implement a new tech-
nology into all of its capital stocks at the time of its success. This means that unlike the
initial value of the firm sharefT (Nt )(Nt ) which always equals 1/F, the initial value of the
capital sharesT (Nt )(Nt ) varies, depending on the history of the innovator’s capital share.
Nonetheless, since under Hypothesis (IN-a) every firm has an equal chance for innovation,
we also know that its expected value must be equal to the average capital share which is
tautologically equal to 1/F. In this paper I will use this average capital share as an approx-
imation of sT (Nt )(Nt ). (In the case where only the best technology firms can innovate, I
have not come up with a good approximation ofsT (Nt )(Nt ), and this is the reason why I
have not been able to deduce any explicit formulae for the long-run average capital shares
under Hypotheses (IN-b) and (CG-d).) Then, since dBt(z) = dW(z) = νF e−νFz dz under
Hypothesis (IN-a), (D.1d) is seen to be equal to 1− Γζ , whereΓi is defined by (22ad), as
in the first line of (21ad).

Next, for the capital shares of the lesser technologiesst (Nt − i) for i = 1,2, . . . , Nt −1,
we have to rewrite (20a) recursively as
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st (Nt − i) =




{
exp{−γ λ(i − ζ )(t − T (Nt ))} 1 − st (Nt )

1 − sT (Nt )(Nt )

sT (Nt )(Nt − i)

sT (Nt−0)(Nt − i)

}
{

exp{−γ λ(i − 1 − ζ )(T (Nt )− T (Nt − 1))}

1 − sT (Nt−0)(Nt − 1)

1 − sT (Nt−1)(Nt − 1)

sT (Nt−1)(Nt − i)

sT (Nt−1−0)(Nt − i)

}

. . .{
exp{−γ λ(1 − ζ )(T (Nt − i + 2)− T (Nt − i + 1))}
1 − sT (Nt−i−0)(Nt − i + 1)

1 − sT (Nt−i+1)(Nt − i + 1)

sT (Nt−i+1)(Nt − i)

sT (Nt−i+1−0)(Nt − i)

}

sT (Nt−i+1−0)(Nt − i)

(D.2d)

Under Hypothesis (IN-a) the probability that the innovator belongs to one of the users
of technologyNt − i is its very shareft (Nt − i) and the expected capital share of each
member isst (Nt − i)/Fft (Nt − i), so that the expected reduction of its capital share at
each innovation time,E{sT (Nt−m)(Nt − i)/sT (Nt−m−0)(Nt − i)} is equal to 1− 1/F for
m = i − 1, i − 2, . . . ,0. Again approximatingsT (Nt−m)(Nt−m) by 1/F, we can express the
expected value of the first, the second, etc., the penultimate and the last term of the RHS of
(D.2d), respectively, as∫ t−T (Nt )

0
(1 −Θ(z; 1/F ))exp{ − γ λ(i − ζ )z} dBt(z)

1

1 − 1/F

(
1 − 1

F

)
,

∫ t−T (Nt−1)

0
(1 −Θ(z; 1/F ))exp{−γ λ(i − 1 − ζ )z} dW(z)

1

1 − 1/F

(
1 − 1

F

)
, . . . ,

∫ t−T (Nt−i−1)

0
(1 −Θ(z; 1/F ))exp{ − γ λ(1 − ζ )z} dW(z)

1

1 − 1/F

(
1 − 1

F

)
,

∫ t−T (Nt−i)

0
Θ(z; 1/F )dW(z).

If we let t → ∞, then they, respectively, converge toΓi, Γi−1, . . . , Γ1 and 1− Γζ , where
Γι is defined by (22ad). Hence, we obtain the second line of (21ad).

(ae).The case where Hypotheses(IN-a) and(CG-e)hold. In the case of embodied tech-
nological change, the capital share of the best technologyst (Nt ) emerges with a mass of
σ /(1+σ ) at T(Nt ) and moves along a curve (19e). LetΠ (z) denotest (Nt ) given by (15) as
a function ofz = t − T (Nt ). We then have

E{st (Nt )} =
∫ t−T (Nt )

0
Π(z)dBt(z). (D.1e)
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Since dBt(z) → νF e−νF dz ast → ∞ under Hypothesis (IN-a), this expression converges
to the first line of (21ae). Next, since (20e) is identical with (20d) withsT (Nt )(Nt ) =
σ/(1 + σ), the capital shares of the lesser technologiesst (Nt − i) can also be expressed
by (D.2d). Under hypothesis (CG-e) an innovation creates a new capital share of the best
technology equal toσ/(1+ σ) and is expected to reduce all the capital shares of the lesser
technologies uniformly by the factor ofσ/(1+ σ). Hence, the expected value of the terms
(1/(1 − sT (Nt−i+1)(Nt − i + 1)))(sT (Nt−i+1)(Nt − i)/sT (Nt−i+1−0)(Nt − i)) becomes all
equal to 1, and the expected value of the first, the second, etc., the penultimate and the last
line of the RHS of (D.2d), respectively, becomes equal to∫ t−T (Nt )

0
(1 −Π(z))e−γ λ(i−ζ )z dBt(z),∫ t−T (Nt−1)

0
(1 −Π(z))exp{−γ λ(i − 1 − ζ )z} dW(z), . . . ,

∫ t−T (Nt−i−1)

0
(1 −Π(z))e−γ λ(1−ζ )z dW(z),

∫ t−T (Nt−i)

0
Π(z)dW(z).

Noting that dW(z) = νF e−νF dz and dBt(z) → νF e−νF dz under Hypothesis (IN-a), these
expressions converge toΛi,Λi−1, . . . , Λ1 and 1−Λζ ast → ∞, whereΛi is defined by
(22ae). This leads to the second line of (21ae).

(be).The case where Hypotheses(IN-b) and(CG-e)hold. All the formulae for this case
is identical with the previous case, except thatW(z) = 1 − ((1 − ϕ(z))/(1 − 1/F ))ξ/µ

and dBt(z) → (1 −W(z))dz/ω. Hence,E{st (Nt )} → 1 −Ωζ and this is the first line of
(21be). Also the expected value of the first, the second, etc., the penultimate and the last
line of the RHS of (D.5), respectively, converge toΩiΨi−1, . . . , Ψ1 and 1− Ψζ , whereΩi

andΨ i are defined by (22be) and (22be′). We can then obtain the second line of (21be).
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